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bof the index of refraction is X10 and~{2)" the horizontal separation is 3 times

the sum of the depths of burial of the transmitting and receiving point ‘sources.

With these new formulas, computer evaluation can be reduced to fractions
of a minute, compared with hours for the complete numerical evaluation of the
exact Sommerfeld integrals.

There also will be an interference pattern set up under certain close-range
conditions because the three waves (direct, modified mirror image, and lateral)
may interfere, either constructively or destructively, with each other.
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GLOSSARY OF SYMBOLS

(p2 + h2)1/2 (meters)
Horizontal electric-field component in the p direction (volts/meter)
Horizontal electric-field component in the ¢ direction (volts/meter)

Vertical electric-field component (volts/meter)

F(wy), Sommerfeld ground-wave attenuation factor

vepth (h > 0) of transmitting antenna with respect to the earth's
surface (meters)

Horizontal magnetic-field component in the p direction
(amperes/meter)

Horizontal magnetic-field component in the ¢ direction
(amperes/meter)

Vertical magnetic-field component (amperes/meter)

Horizontal electric dipole

Horizontal magnetic dipole

Current (amperes)

Modified Bessel function of the first kind and oxder zero
Modified Bessel function of the first kind and order one
Bessel function of the first kind, order zero, with argument Ap
Modified Bessel function of the second kind and order zero
Modified Bessel function of the second kind and order cne
Magnetic-dipole moment (ampere-meters?2)

YI/YG’ index of refraction
Yl Yl .
I, ?Z{Rl - (z + )] K0 ?;{Rl + (z + h)]} = Foster integral

Electric-current moment (amperes-meters)

exp(-Y,R,)/R, = Sommerfeld integral (meters-})
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GLOSSARY OF SYMBOLS (Cont'd)

exp(-*{lRl)/R1 = Scmmerfeld integral (meters™!l)
(02 + 22)1/2 (meters)

{02 + (z - h)2]1/2 (meters)

[p2 + (z + h)2]1/2 (meters)

Time (seconds)

161,K, + y2p2(11x1 - IpKg) + 4vo(I,K, - I,K))
(A2 + yg)l/2 (meters-1) (air)

(A2 + y%)l/z (meters-1) (earth)

Vertical electric dipole

Verticai magnetic dipole

SIlK1 - (yp/2)(IoK1 - IIKO)

Sommerfeld numerical distance

Depth (z > 0) of receiving antenna with respect to earth's
surface (meters)

(-w?uyey) /2, vpper half-space (free-space) propagation
constant (meters~!)

(iwn,o, - wzulel)l/z, lower half-space (earth) propagation
constant (meters-l)

A (/2 w2e? 1/2 e J-1/2
( z ) ( + 1) -1 » Skin depth in the lower

Wi, 0y o% a,

half-space (earth) (meters)

-~

= 10~%/36% farads/meter, permittivity of free space
Permittivity of lower half-space (earth) (farads/meter)

Durmy integration variable in the basic Sommerfeld
integrals (meters-l)

(x2 + y2)1/2 radial distance in a cylindrical coordinate
system (meters)

Conductivity of the lower half-space (earth) (Siemens/meter)
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NEW FORMULAS FOR HED, HMD, VED, AND VMD
SUBSURFACE-TO-SUBSURFACE PROPAGATION

INTRODUCTION

In two recent papers, Wu and Kingl,2 have derived new simple formulas for
the electric-field components generated by a horizontal electric dipole (HED)
in a half-space of water or earth near its boundary with air. They claim that
their formulas are valid for p2 >> (z + h)2 and !'n2| >> 1, where n (= v,/v,) is
the index of refraction. On examining their results, the author of this report
has discovered that they could have been obtained almost by inspection from the
previously derived results of Wait,3 Weaver,4 Bannister,5 and Bannister and
Hart® (most of which are summarized in Kraichman7).

In the past, many investigators erroneously have believed that the field-
strength equations tabulated in chapter 3 of Kraichman are only valid when the
conduction currents in the water or earth are much greater than the displace-
ment currents (i.e., o, >> we;). Indeed, as long as |n?| >> 1, the displace-
ment currents can be included simply by replacing o, with o, + iwe, in the
field-strength equations. Thus, Kraichman's tabulated results are considerably
more general thkan they are stated to be.

It is the purpose of this report to present new formulas for HED, hori-
zontal magnetic dipole (HMD}, vertical electric dipole (VED), and vertical
magnetic dipole (VMD) subsurface-to-subsurface propagation. These formulas
have been obtained completely from previously derived results. The main
restrictions on their use are (1) the square of the index of refraction is
>10 and (2) the horizontal separation is greater than or equal to three times
the sum of the depths of burial of the transmitting and receiving point sources.
An addit.onal restriction must also be applied to the lateral-wave components.
The quantity |ylpz/(z + h) | must be greater than or equal to 4c,, where ¢, =
3, 6, 9, 15, or 25, depending on the particular field-strength component. This
restriction also applies to Wu-and-King's resultsl,2 and to those tabulated in
tables 3.7 and 3.16 of Kraichman.’ These new formulas also avoid the use of
the unphysical distance z + h + p employed by Wu and King.l,2

In this report, the four dipole antennas (VED, VMD, HED, and HMD) are
situated at depth h (h > 0) with respect to a cylindrical coordinate system
(p>¢,2) and are assumed to carry a constant current, I. The axes of the VED
and HED (of dipole moment p) are oriented in the z and x directions, respec-
tively, and the axes of the VMD and HMD (of dipole moment m) are oriented in
the z and y directiorns, respectively. The earth or water occupies the lower
half-space (z > 0) while the air occupies the upper half-space (z < 0). The
magn. .Ic permeability of the earth is assumed to equal u;, the permeability of
free space. Meter-kilogram-second (MXS) units are employed and a suppressed
time factor of exp{iwt) is assumed.
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WU-AND-KING'S METHOD

- ovm———

In their first article,l Wu and King developed a new simple and very
accurate formula for the radial electric field (Ep) of a HED in a dissipative
g or djelectric half-space near its bourdary with air. They examined in detail :
the interference patterns generated by the direct and lateral waves that orig-
inate at the dipole for three values of €,, numerous values of g,, and a wide
range of frequencies. They confirmed the accuracy of the new formula by com- .
parison with numerically evaluated Sommexrfeld integral results.

In their second article,2 Wu and King developed new simple formulas for
the transverse (E¢) and vertical (E,) electric-field components generated by a
buried HED source. They then cumpared all three electric-field components
with numerical integration results for the case where g, = 3.5 S/nm, € = 45¢,
and f = 600 MHz (see figure 1 of Wu and King2). The agreement between the
simple-formula and numerical-integration results was excellent for the radial
component when |y,p| > 2.8 and ¢ > 2(z + h). However, substantial agreement
between the simple-formula and numerical-integration transverse and vertical
components was not achieved until |y,p| > 11.5 and p > 8(z + h). Furthermore,
the simple formulas predicted a dip in the transverse component and no dip in
the vertical component near Iylpi ~ 8, while the numerical-integration results
predicted the opposite.

© e A Ay o,

I deceuse the radial-component simple formula predicts the interference
! patterns very accurately and the transverse- and verticai-component simple :
formilas do not, it is apparent that Wu and King have made some errors in ;
their traasverse- and vertical-component derivations. A prime suspect is the i
unphysical distance term, z + b + p, whick appears in the E, and E, formulas
but does not appear in the Ep formula. Wu and King could also have made a
sign error so that the direct and lateral waves are adding instead of sub-
tracting. or vice versa.

The procedure employed y Wu and Kingl,2 car best be shovn by example.
When both the transmitting and receiving dipoles are located below the earth's
surface (h and z > 0), the HED I, vector may be expressed as (Wait3)

’

I P, - P, + 11, (1

- {
X " 4n(o, + iwe))"

T S fo

where
-viR
; P = E_Ii_g
0 R,
; is the direct-wave contribution and
-v1R
_ E;Yl 1
R,
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is the mirror-image contribution. The remaining term is
" U1 (z+h)
a + Yo
0
(4)
E 2 -u, (z+h)
) ' - (v2 - v2) (u) - yyle Jo(Ap)Ada ,
1 0°v0
A
! ‘ ‘ where
| RS =02 + (z - )2,
R = 0% + (2 + )2,
ug = AZ + Y%’
2
u, = A2+ Y?,
) 2
| u = 'wzuoeo, and
2 - ; .
Yy = dopg (o, + iwe).

For [n?| >> 1 and p2 >> (z + h)2, Wu-and-King's procedure is to set Ry
and R; equal to p everywhere except in the exponents and let

-u, (z+h -
! ) o -Y1(z+h)

~ (5)
in equation (4). Therefore,
-Y1Rg
e
Po - —%— ©®
-71R;
. P, ~ = —— @)
1T
E and
,'i 2 ‘71(2+h) >
2 e
- I~ Wf (u1 - UO)JQU\D)\dA . (8)
1 0" Yo

This integral can be readily evaluated (Wait,3 Erdély18) o yield
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26 -v;(z+h)

.- SH——— =Y1P _ ~“YoP
I (Y1 - Yo [(l + y,ple (1 + yyp)e ] . 9)

Thus, by following the procedure of Wu and King,1,2 the final exprsssion
for I, is (for |n?| >> 1 and p2 >> (z + h)?)

-k -v,R
[eY 0 ik

I P -
X 41r(ct1 + :uuel)[ P 10)
’Y1(2+h+p) -YoP _-Y, (z+h) ]
\ - (1 + e 1 .
(Y1 - Y2)03l YoP) © ]

Note that @i, has four components: (1) a direct-wave component, (2) a mir-
ror-image component, (3) a lateral-wave component, and (4) a false component
that depends on the unphysical distance z + h + p.

BANNISTER'S METHOD

As we shall soon see, the unphysical distance z + h + p can be avoided.
When the measurement distance is much less than a free-space wavelength, equa-
tion (1)} reduces to

P P P 2 ) ‘ul(z*-h) d 1
Tx ~ Fwe, + Twey|o "1 * m (w, - e J,0edr | . (D)

Wait3 has shown that this equation is equivalent to

3%P, .3
p {p - 2 YN 2 2N
T - dm(o) + iue,) [PO 1t 3 - Yo)( 2 "33 " Miaz)|r U2

where
N= IR, - (z + WIIKIER, + (2 + B)) (13)
Tt 2t o} 2*"1 :
Wait3 has also shown that, when lYlpl >>1and p >> (z + h),
'chz*h)
N-S&%—0n . | (14)
YiP

Quoting Wait,3 "The manrer in which the exponential factor exp[-yl(z + h)]

occurs is rather interesting. It is only in the integral N that this factor
emerges."

N an b B
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Employing equation (14) and taking the indicated derivatives in equation
(12) results in

[e'YlRo 2o T1(F*R) YRy

P
Ty ~ T + - —_
4m(o, + 1“’51)[ Ry (Y2 - y3)o? Ry

15)
-y R (
--—2‘?—-1—-1——[(1-351n2 1+ vy,R) - Zstinzw]

where sin ¥y (z + h)/Rl.

For p2 >> (z + h)2, we can set R, and R1 equal to p everywhere except in
the exponents. Thus,

-y.R - z+h
o Y1Ro ZeYl( )

- P +
X dn(oy + dwey) | o (% - ¥2)e?

-lel

e 2

- 1+ 1 +v,0)]}-
o [ (Y%-Y%)pz !

Here, we see that I, has only three components: (1) a direct-wave component, !

(2) a modified mirror-image component, and (3} a lateral-wave component.
There is no false component that depends on the unphysical distance z + h + p.

it

(16)

At first glance, this procedure appears to be considerably more compli-
cated than the procedure employed by Wu and King. Luckily, however, the gen-
eral quasi-static range field components have already been derived for the
four elementary dipoles (Wait,3 Weaver,4 Bannister,5 Bannister and Hart.® wait
and Campbell,9,10 and Sinya and Bhattacharyall) as have the quasi-near, near-
field, and farfield range lateral-wave expressions (tables 3.2, 3.7, and 3.16 w

e ssnia.

of Xraichman’). Although displacement currents were ignored in most of these
analyses, they can be included simply by replacing o, by o; + iwe; (as long as

[n2] >> 1). For convenience sake, the direct and modified mirror-image con-
tribution to each dipole field-strength component is listed in the appendix.

For some components, these expressions are of very simple form (HXE, equation
(A-15)), while for other components, these expressions are quite complicated !
(H‘z’", equation (A-18)).

Thus, the hardest part of the problem has already been solved. We can
now use these previously derived results to obtain adequate formulas for the
fields groduced by submerged dipole sources subject to the conditions |[n2| >>
1 and p% >> (z + h)2.

The derivation procedure that we will follow is (1) take the previously
derived direct and modified mirror-image results (see appendix) and let p be
> 3(z + h), remembering not to replace R, and Ry by p in the exponents, and

(2) for the lateral-wave expressions, let

=Y, (2+h)

k17)

f(p,z + h) = f(p,0)e

g - - .

5 A . - T

H i 28 N bl -
S SN RGN . W .

T e 'EY -
— e P
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where 0 refers to an infinitesimal distance below the surface of the earth or
water.

The quasi-static range (|y p| << 1) lateral-wave functions fp,0) can be
obtained from Bannister® or table 3.8 of Kraichman’ (with o, replaced by o, +
iwe,). For convenience sake, the lateral-wave functions f(p,0) exp[-Yl(z + h)]

are presented in table 1.* Note that, for some of the field-strength compo-
nents, these expressions are 1dent1ca1 to the quasi-near range (|y p| << 1

<< Iylpl) results (see table 3.16 of Kraichman7). Also, note that' some of the

51gns are different than those of Bannister® and Kraichman.? This ic because,
in this report, we have inverted the coordinate system so that z and h are
positive depths.

Approximately half of the field-component formulas listed in table 1
involve products of modified Bessel functions of argument y;p/2. Numerical
values for these functions have been provided by Bannister.5 When IY p| > 4,
the function y,pI,K, ~ 1, while when ]y p| > 6, the function y P% - 2. Fur-

thermore, when |Y1P| > 10, the function YlpT/Z ~ 3.

As an example of our derivation procedure, consider the HED radial elec-
tric field-strength component.. The quasi-static range lateral-wave E_ compo-
nent can be obtained from table 1 or from equation (67) of wait.3 It is equal
to

-y, (z+h
gHE p_cos ) . Y, (z+h) (18)
P 21\'(0l + Jmel)p3

The nearfield range lateral-wave E, component can be obtained from table
3.7 of Kraichman’ (with ¢, replaced by g, + iuwe;), or from equations (23) and
(32) of Wait.3 Therefore,
-y, (z+h) -
E b cos e Y, ( )e YoP
2n(oy + imel)p3

(1 + vpp + v502) . (19)

The farfield range lateral-wave E, component can be obtained from table

3.2 of Kraichman’ (with o, replaced by o, + iuwe,;), or from equations (13) and
(32 of Wait.3 Thus,

z+h) -
Y, ( )e YoP

BilE . B.cos de (v30%F) , (20)
2n(o, + 1me1)p
where
-w )
= F(w) =1 - i(nwo)l/ze °erfc(iw01/2) (21)

is the Sommerfeld surface-wave attenuation function and

*Tables have been placed together at the end of this report.

N T Yg -
P N T B A TS N
R o ‘{Iéi“'ﬁaﬂ o
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Yop (22)
W, = - ——
0 2n?

is the Sommerfeld numerical distance. For small numerical distances F(wo) -1,
while for large numerical distances F(wo) ~ -1/(2w0).

When |nZ| >> 1, the range of validity of equations (18) and (19) overlap
when |ygo| << 1. Similarly, when [w | << 1 and [y,e| >> 1, the range of valid-
ity of equations (19) and (20) overlap. Therefore, we can simply combine equa-
tions (18), (19), and (20) to obtain an expression for the E, lateral-wave
component valid from the quasi-static to the farfield range. Therefore, for

) [nzT >> 1 and p2 > (z + h)2,

- z+h) -
Yl( )e YgoP

)
EEE - Bcos ge - 7 (1 + ypp + Y30%F) . (23)
21r(c1 + 1mel)p
The direct and modified mirror-image contritution to each dipole field-
strength component is listed in the appendix. These expressions are valid for
[n2]| >> 1. When p > 3(z + h), equation (A-1) reduces to

HE p cos ¢ -Y;Ry
E ~ 1l +vp)e
p 2n(o, + iwel)p3[( 1)

- (3 + 'g-v p + -‘,2p2) _(Z, - ]l) - 1 0 + _(_,__ ._l)__e ' 1 ll

We can now combine equations (23) and (24) and obtain an expression for
the HED E; component valid at almbst any range from the source subject to the
conditions that |nZ?| >> 1 and p > 3(z + h). The final expression is

-Yope-Yl(Z+h) R,

-Y
+ (1 +yp)e !

gHE . ___ P cos ¢ 1 2 2¢
p 21r(c1 + iwel)p3 (1 + vgp + ygp©Fle
2 2 —y.R (253
S (34 3y + szz)[ié_:;bﬁ_e°YlRo L2 r )7 1] .
When p2 >> (z + h)Z, the last two terms of equation (25) a.= negligible
compared with the first two, resulting in

’ ~YgP -Y, (z+h)
EE . P05 8 103 4y o + y2p2F)e Ve '}

P 2n(o, + imel)p3L
h

(26)

-YR
+ (L +ypp)e 1V},

which is identical to Wu-and-King's resultl for [n2| >> 1 and p2 >> (2 + h)2:
As we mentioned previously, Wu and King have shown that this simple formula is
in excellent agreement with the exact Sommerfeld integral numerical-integration

results.
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New formulas for the electric and magnetic fields produced by the four
elementary dipole antennas are presented in tables 2 through 9 for the subsur-
face-to-subsurface, subsurface-to-surface, surface-to-subsurface, and surface-
to-surface propagation cases. All of these formulas have been obtained from
previously derived results according to the procedure outlined above and are
strictly valid for |n2| >> 1 and p2 >> (z + h)2. (However, for most cases,
the requirement that |n2| > 10 and p > 3(z + h) is sufficient.)

It should be noted that for many (but not all) cases, the range of valid-
ity of the formulas presented in tables 2 through 7 can be extended down to
p ~ (z + h) if the direct and modified mirror-image terms in these equations
are replaced with the equations listed in the appendix. For example, the HED
E, expression (equation (25)) would be replaced by

gHE . __P cos ¢ 2,

~YoP ~Y, (z+h}
2.2 0 1 d
P 4o, + iwel)lpstl + YoP *+ Ypo<Fle e

_-YR
1%
. &
+ [(3 cos? g - 1)(1 + y,Ry) - Y3R2 sin? Yol 5— (27)
0
R
_ 2p2Y gin2 ¢ S =
(3 + 3v,R, + lel) sin® y, R? s

where sin ¥, = (z - ‘\)/R0 and cos ¥y = p/Ro.

For the subsurface-to-surface and surface-to-surface propagation cases
(tables 4 and 8), the vertical electric-field (E,) receiving antenna is
assumed to be located an infinitesimal distance above the earth's surface. To
obtain expressions for the vertical electric fields just below the surface,
multiply the E, equations in tables 4 and 8 by 1/n2.

COMPARISON OF BANNISTER AND WU-AND-KING RESULTS

In attsmpting to explain the major discrepancy between the HED Ey and E,
simple-formula and numerical-integration results near |y,»| ~ 8 of their fig-
ure 1, Wu and King? stated that very small changes in frequency significantly
alter the interference pattern so that close agreement in a small range near
such a region cannot be expected. This statement is in direct opposition to
the E, results presented in their first article (Wu and ¥ingl), where sub-
stantial agreement between th: simple-formula and numerical-integration results
was achieved in the interference region when |n2| >> 1 and p > 5(z + h).

They also noted that, at greater distances where the lateral wave domi-
nates, the Ep, Ey» and E, expressions were highly accurate. They certainly
should be highly accurate at the greater distances because their lateral-wave
formulas are essentially equivalent to Wait's results,3 which have been suc-
cessfully utilized for over 20 years.
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The major value of Wu-and-King's work is in determining adequate field-
strength expressions in the range where the lateral and direct waves interfere
(either constructively or destructively). They have succeeded with the HED E
component. However, they have made some errors in their derivation of the HED

Ey and E, components.

The HED E¢ and E, expressions derived in this report (table 2) are in very
good agreement with the numerical-integration results presented in figure 1 of
Wu and King2 when p > 3(z + h). They correctly predict a substantial dip in
the E, component (due tc interference between the direct, mirror-image, and
lateral waves) near lYlpI ~ 8 and no dip in the E, component at this range

(which is directly opposite to Wu-and-King's simple-formula results).

3

To see where Wu and King erred, we will compare their E¢ and Ez formulas
with the expressions listed in table 2 for the situation where the Sommerfeld
numerical distance is small (i.e., F ~ 1), p > 5(z + h), and |y,p| > 4. For
this situation, the E¢ and E, expressions in table 2 reduce to

i ~YoP Y, (z+h) -Y,R
BE - —R3RS __h(p 4 ypye 0% 1 - (1 +yple 11

21r(o1 + 1mel)p

(28)

1 2 Y18 _ MRy

+ 51+ yp + yi?) (e -e !
and
Y - - +h)
HE P cos ¢ 1 YoP _~Y, (2
E,- ~ - —(1 + e e

z (o, + imel)dzlnz( Yop)

(29)

-Y,R -¥,R
s e sy ¢ 22|z - e TR0 @ amye™ 1]] :
2p2 1

When F ~ 1, p > 5(z + h), and [y,p| > 4, Wu-and-King's2 E¢ and E; expres-
sions reduce to

-Yope-Y 1 CZ+h)

Eg 2n(o, + imel)ﬁgi ( Yop)e

=Y, (z+h+p) -v,R
- {2+ 2yp + Y%pz)e 1 + (1 + YyP - y%pz)e 11 (30)

1 -Y,R -v,R
+ 51+ yp +Y‘§'02)(e 10 e 1)

and

“gHE . P COS ¢ IYI,I .y p)e‘YoDe'Yl(z+h)
2 4+ 1 2 2\ 0 .
ﬂ(o1 1mel)p ln
(31)
+ 1 2,2 [ “Y1Rg ‘71R1]
2,20 * 3P + vpe9) (2 - he + (z + h)e .

. b . X
-
- - Rl e b, A, 2 -
BRI
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A comparison of the two Ey expressions (equations (28) and (30)) reveals

that the difference between them is the unphysical distance (z + h + p) term
of Wu and King. If we replace z + h + p by the physical distance R;, Wu-and-
King's formula reduces to

HE . p_sin ¢ ~YpP ~Y; (z+h) -v;R
B e, + dmepei| 0P - @+ ypp)e

-v,R -y, R
+—;—6+Y1p+y%pz)<eY10_eYll)

which is identical to equation (28).

(32)

A comparison of the two E, expressions (equations (29) and (31)) reveals

that the reason that Wu-and-King's formula does not predict the dip in the
interference region is because of a sign error. Their results indicate that
the sum of the direct and mirror-image waves add to the lateral wave whereas,
in reality, the sum subtracts from the lateral wave.

RANGE OF VALIDITY OF LATERAL-WAVE FORMULAS

As we have previously mentioned, the quasi-static range lateral-wave
exponential attenuation-with-depth factor exp[-v,(z + h)] emerges only from

the integral N, where
Yy 1. I
N = Ip{5 R, - (2 + h)]}l(o SRy + (2 + W]}, (13)

When |y,p| >> 1 and p >> (z + h), Wait and Campbel110 have shown that the
modified Bessel functions may be replaced by only the first terms in their
respective asymptotic expansions to obtain adequate HMD quasi-near range hori-
zontal magnetic-field-component expressions. On the other hand, Sinha and
Bha;tacharyall have shown, for the VMD case, the first two terms of the modi-
fied Bessel function's asymptotic expansions must be employed. This indicates
that the range of validity of the quasi-static range lateral-wave expressions
will not be the same for all field components.

As an example, consider the quasi-static range HED Ej lateral-wave compo-
nent, which can be expressed as

[

) -u, (z+h
ELW . _ p_cos $ 31 e uy ]Jo(xp)dx . (33)
p 21"(0’1 + 1t I)D ap 0

When {y,p| >> 1 and p >> (z + h), the usual procedure is to replace y, in the
exact integral expressioms by y,, the propagation const> .t in the earth,
resulting in
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de Yy (z+h) 3 ”
LW . _ p_cos .
Eg Zn(o, + 1009 ap[ .,O(Ap)dk . (34) :
: 0 :
J
¢ Since this integral is equal to 1/p (Erdélyi8),
'Yl(z+h) - 2+h
N LW . PCOS ¢e == £(0,0)e vy (zh) (35)
Zn(o1 + iwey)p
g
! So far, we do not know exactly what values [ylpl and p/(z + h) must have

in order to utilize equation (35) or any of the other quasi-static range lat-
eral-wave formulas presented in table 1.

ARl

et

As a first order approximation, we will let

§
; A2
H ul = (Az + ‘Y%) 1/2 ~ Yl + E—YT (36)

so that

e'Ui(z+ﬂ) - e’Y1(z+h)e'A2(2+h)/le ~ e-YI(z+h)[1 il AEL%?lell . "
1

i Inserting equation (37) into equation (33) results in

vy (z+h) >
ELW . . p_cos ge —[JO(Ap)dA
0

! P 2n(o; + iwey)p 9p
' (38)
_zxh)f e
7 A23,(Ap)dA] .
R 0

§: Since the second integral is equal to -1/p3 (Erdélyis),
E | ) -y, (z+h)
: 4 W _ p.cos ¢ge ! 1+ 30z ¢ hl (39)
k- P 2n(o, + iwe,)p3 Zylp
= ’

It can easily be shown that the error incurred in neglecting the second
term is less than 1 dB if the quantity
> 4c, , (40)

(YIP)(;"%'E’) 2

where ¢, = 3 for the HED E_ component. That is, to a first order approximation,
it is the product of |y,p| times p/(z + h) that must exceed a specified number
3 to accurately utilize equation (35) or any of the other quasi-static range
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lateral-wave formulas presented in table 1. For example, if p = 57z + h), the
quantity |y,p| must be >2.4 to use equation (35).

The most severe restriction will be for the VMD H, component. Following

the same procedure as in the derivation of the HED E, component, we can :Xpress
the VD H, component as

HWM . 9me
2n(y3 - y2)e®

=Y, (z+h) [ 25(z + hl] 1)

2y, p2

Again, it can easily be shown that the error incurred in neglecting the second
term is less than 1 dB if the quantity

(Ylp)<2"%"ﬁ)

where ¢, = 25 for the VMD H, component. For example, if p = 5(z + h), the
quantity Iylpl must be >20 to employ the quasi-static range VMD H, lateral-wave
formula presented in table 1.

> 4c, (40)

The values of c, and range where f(p,z + h) can be replaced by f(p,0)
exp[- 1, (z + h)] (4. e., the range where the quasi-static range lateral-wave
formulas presented in table 1 can be used) are presented in table 10 for each
field-strength component. Here, we see that for the HED and HMD E,, E,, and
H¢ components and the VED E, and H, components (c = 3), the quantlty IylpZ/
(z + h)| must be >12, while for the HED H, and VMD E¢ and H components (¢, =
15), the quantity ]ylpz/(z + h)| must be >60

This restriction (equation (40)) also applies to Wu-and-King's resultsl,2
and to the qua51-near and nearfield range subsurface-to-subsurface propagation
equations tabulated in Kraichman. 7

To a first order approximation, the range of validity of the equations
listed in table 1 can be extended by multiplying the field-component expres-
sions by the quantity

c,(z +h)
2-'— > (42)
2Y,p

1 +

where the value of c, for each component is given in table 10. For example,
the HED H, component listed in table 1 is
- z+h
HE _ 3p sin ¢e ¥, (2+h) 3
Hp™ - 2 _ v2)oh (43)
2n(yy - vple

Since c¢; = 15 for this component (table 10), then

12




pHE < 3p sin ¢e
z 2n(v3 - y3)o"

—r——a o

e 4
O Y, o S

-y, (2+h)
1 P R 15(z + hl] ) (44)
2Y1p2

H ANALYTICAL CONFIRMATION OF FRASER-SMITH
AND BUBENIK VMD H, NULL

A few years ago, Fraser-Smith and Bubenikl2 numerically evaluated the
exact Sommerfeld integrals and found a rather deep null in the VMD H, component
| for the subsurface-to-surface propagation case (see figure 6 of Fraser-Smith
: and Bubenikl2), For their particular situation, the frequency was 100 Hz, the
/ VMD source depth of burial was 100 m, and the null occurred around p ~ 250 m.

i Since the skin depth, §, in sea water at 100 Hz is ~25 m, p/6 ~ 10 and h/§ ~ 4.
i To our knowledge, this null has not been analytically confirmed. The subsur-
face-to-surface VMD H, component is equal to (from table 5)

-——nn

oM - n

- —‘Yope-Ylh
2n(v$ - v§

¥ ML XTI

(9 + 9y,p + 4v2p2 + y3pI)e
)pSI 0 0 0

..'YD
-e 19+ 9v.p + 4v23p2 + y33) (45)

h2
- ;5{90 + 90y,p + 39vy%p2 + 9ydp3 + Y?p“)]} ,

PR
23 F WP

Khi2d

where D2 = p2 + h2,

‘ For £ = 100 Hz and p = 250 m, ]yopl << 1 and the yyp terms in the lateral-
wave portion of equation (45) are negligible. Furthermore, since the quantity
|¥;02/h| ~ 35, which is <JCO (see table 10), equation (42) must be employed.
The resuit ng expression for H, is

M 9me-Y1h
H ~ - __________Hl 46
Z ZTTY%DS Z? ( )
" where

: -y, (B-hj
L ZYlp /

41 47)
3 ; h2
‘ J ; - ;3{90 + QOYlp + SQY%pz + 97?03 + Y?DQ)]] .

&8

For p/é ~ 10, the dominant terms will be the yjp? and Y;p“ terms. To a
: first order approximation, the yjp3 terms will cancel and, since Yok =
‘ -4(p/8)",

;
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£
]
A
&
=
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' 25h  4fn\2fp\* -(D-h}/§ -i(D-h)/¢
Hy ~ 1+ ol §(-p—) (%) e e . (48)

This equation will be at a minimum near (D - h)/§ = 27, which corresponds
to p ~ 240 m. The aormalized VMD vertical magnetic field {H} from equation
(47)) ic plotted in figure 1 versus the hovizontal distance, p. From this fig-
ure, we can see that a rather deep null (~20 dB drop in field strength compared
to the asymptotic value) occurs at a range of ~240 m. This null is cleaxrly due
to the destructive interference between the direct and lateral waves.

CONCLUSIONS

New formulus for the electric and magnetic fields produced by the four
elementary dipole antennas have been developed for the subsurface-to-subsurface
propagation case. These formulas have been obtained completely from previously
derived results., The main restrictions in their use are (1) the square of the
index of refraction is »10 and (2) the horizontal separation is >3 times the
sum of the depth of burial of the transmitting and receiving point sources. An
additional restriction must also be applied tc the lateral-wavc componsnts.

The quantity Iylpz/(z + h) | must be >4c,, where ¢, = 3, 6, 9, 15, or 25,
depending on the particular field-strength component. This restriction also
applies to Wu-and-King's recently derived results!,2 and to the subsurface-to-
subsuvface prcpagation equations tabulated in Kraichman.’

The range of validity of the subsurface-to-subsurface, subsurface-to-sur-
face, and surface-to-subsurface equations tcbulated in this report can be
extended down to ¢ ~ (z + h) for many cases if the direct and modified mirror-
image terms in these equations are replaced with the equations listed in the

appendix. The extension of these results to even closer ranges will be the
subject of a future report.

it should be noted that the two media can be inverted and the air replaced
by the earth's crust (of conductivity o, and dielectric coustant e ). The same
equations (tables 1 through 10) can be utilized, as lorg as |aZ| = [y3/v3| 2
10 and o > 3(z + h), simply by replacing iwey by g, + iuwe,.

An anaiytical confirmation of the Fraser-Smith and Bubenik VMD H, null has

also been accornlished. This null is clearly due to the d2structive inter-
ference between the direct and lateral waves.
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Loy roel << 4
i
i * ' Dipole
: Type o " ki
) -y, (z+h] -v, (z+h
i pe Y, (z+h} pe 1 )
- VED (y.pI.K.} 0 " 3n(o, * iweq)n?
1 - 2n(oy + iwel)nzpz" 171 ot SR
o | Slwmgm L T1(z*h) 0
2n(y§ - v§)e®
-y, (z+h) -y, (z+h -Y, (¥
p cos ¢e Y p_sin ¢e ¥, (2h) Y,p cos ¢= !
2n(o, + iwe,)p3 n(o; + iwe,)p3 ) 2n(o; - iwey)np

iwuom cos ¢

- —————(v,p1;K;)
2“Ylp3 17 1M

-yl(z+h)
x e

iwuom sin ¢
- —
2ﬂY1p3

-yl(z+h)
X e

Ylpw)

iwp.m cos ¢ _
0 Y, (z+
21m2p2

*Argument of modified Bessel functions is v,p/2.
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p cos ¢e
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(v,p1,K))

-y, (z+h)
3p sin ¢e !
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Table 2.

Electric-Field Subsurface-to-Sub|

Dipole E
Type P
P l ! -YoP -Y,(2+h)
3 (y,pL K +ypFle e '
2n(o, + iwe,)p l n2,
VED
-v.R -Y.R
-1 3v,0 + v,02) |(z + h)e L - mye 10
2p2
iwuom ‘
- {3+ 3
2 (v3 - v2)o*
VMD 0 [(3 + 3y.0 + y2p?) -
(3 - ¥2102?
$ ——
3 (1 + Y,°)
cos “YoP ~Y,{(z+h sin
3 P8¢ 0+ ypo + v202F)e 0% r(zh) L ey
n(c1 + 1mel)p Zn(ol + 1wel)p
“Y1Ry 2,2
HED |+ (1 + y.p)e = (3 + 3y,0 + YD) - |+ ve) -
(z - )2 -7\Ry  (z + h)ze'Ylkl -
x |[~————te + 1
[ 2p2 202 +5(1 4y + Y%Dz)<%
ivpy m cos ¢ iwp m sin ¢
- 0 2.2 ’Yop 'YI(Z+h) - _0___ W+
27 03 [(YIMIK1 +Yp + Y2p%F)e Ue 217,03 [vpe
y.(z + h) 1Ry
HMD 'l----(S +*3v ety pz)e _ Y, (2 + hje 1z
vio? v2p?
1+ v,p)
1 -y (1
——— - YRy _
+ b‘(z h)e Y,(z + h)e 1 q + 6Y§92 + 7203) -

*Argument of modified Bessel function is ylp/Z.
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rface-to-Subsurface Propagation Formulas [|n?| > 10, p > 3(z + h)]*
E¢ EZ
- -v,(z+h
- P (-1—)(1 + YoP + y%sz)e YQpe Yl( )
2n(o, + iwel)p3 n2
0

- -y.R
1 ) 22y LR R
+2(1+{lo+710)\e e

2 24" YoP_~Y;(z+h)
{(3 + 3y + ygple T e

)

-v,R -Y,R
l-l-yla)(eylo-eYI l)}

‘ 2 -7,R
o+ Yipz) - LE_IEEl_{ls + 15y.0 + 6y§p2 + Y§p3)le 17

P

- -y, (z+h
e )p3[[2 ¢y + Byle Y0P 1)
1

“

3 2 y.R
¢ (4]

- ~v. (z+h
n cos ¢ Yof Y, (z+h)

- s 2
2n(0, + 1@51)9

Y.\ F
(;2—)(71"11"(1 + vpeFle

-y R. - 3 -y R
- '-1—2-(3 + 3719 + y%pz) [(z - h)e 10 4 {(z + W)e 1 1“
2p

- ~Y, (z+h
Yo, Y, (z+h)

{[Ylpw +Y,p( + F)le

1R,
. 2
[(12 ¢ 12v;0 + ay202) - 2R as 4 15y
p

= 1+ v,p0) -y,R -Y,R |
"Y;p3)] - —-—5-1—71(2 -h)e 10 4 v,(z + h)e 1%

anz

-YR —YR
+%c1+ylo)(e 70 - e “)

iwp,m cos ¢ - —.{z+h
"'L"—'—{(lz—) Qa + yopF)e YoPe v, (z+h)
n
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Table 3. Magnetic-Field Subsurfaci
' [In2] > 10, 5
§
i
' Dipole
{ Type Hy H
z+h
—P-—( )(1 + y.oRye Y0P Ml
2mp2 ¢
VED 0

" -Y,R -y,R
+§u+vﬁﬂe“°-e710

Y;P - -y, {z+h
_.ln__“. (——-—T + By + Yop) 'Yope Y1 )
Znylp 2

Yl(z‘.‘h)-Y 2’ 3
_ . e11(45+45YP*18Y29 +3Yp)

3o

2
- L2 2B (05 + 105y,0 + 457302 + 107302 + yio)
P

(3 + 3,0 + v30?)
* 2

-v,R -v,R
f(z - me 10 -y e mye 1

*Argument of modified Bessel functions is ylplz.
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Bld Subsurface-to-Subsurface Propagation Formulas
‘[lnzl > 10, p > 53(z + h)}*
Hy H,
YoP Y, (z+h)
0
-r,R
E o T1 1)
; - - -y, (z+h
* s Ho 4 9y + ay20% + yRoNe e v1(2h)
1(v3 - v2)e® 0 0 0
et (3 + 9,0 + 4v3p? + v}o?)
o
z + h)? 2.2 4 9y3p3 + yUok
- 3 90 + 90y,p + 39y(e© ¢+ 9yip ¥,0™)
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Table 3. (Cont'd) Magnetic-Field S
(n?| > 1
Dipole
Type o
- P_S__t [y,oW + v,0 (1 + F)le Yope-n[uh) COS Sy, pI.K. + yop + 2
2rv,08 |2 0 27,03 |10 101 T ToP TP
Yy (2 +B) y R 22 Y,(z + h)
L
- _-—Z—Z——e 1z + IZYIP + 4719 ) '—'2—5——‘(3 + 3ylp + yzpz)
HED
z + h)2 {1 )
- .g___)._(ls + 15y.p + 6Y202 + Y303) \ ‘YIP -v,R
92 1 1 1 ___Z—chz_h)e 170
a +vy,0) -v.R -¥,R
——— - 10 _ + 11
+ 5 1(z h)e yl(z h)e
. - - z+h
msin ¢ Hi, , yo(l + F) - ;22 e YoP Y, (z+h)
2mp3 ° Yéo
-YR _EE_S_Q. 1+YD+Y292F'
Ry L e 2,2 2mp3 0 0
+ (1 +v,p)e + (12 + 12y,p + y{p€)
HMD YiP
-y R
2 + h)2 2,2 3,3 4, yUob e (3 + 3v,p + ¥}0?) -
- pe) 105 + 105y,p + 45y{p“ + 10y{p® + y{p*) Y:;.pz
- h)2 -Y,R 2 -y.R 1 -7k
-3+ 3+ Yfpz)[ﬁf—z—p—z}—ie 1% . —(z—zipz—h)—-e N 1]] +5(1 + ypp + v50?) (e 1o -

*Argument of modified Bessel functions is y,0/2.
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ubsurface-to-Subsurfuce Propagation Forwulas

z+h
+ Y202F) g2, -7 (2+h)
-y R
pzje 11
s N R

-Y
+ 7,{z + b)e 1

L
i
e
b
la
I
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- = +h
¥P ~Y3 (2%h)

iy A 2~2
- 90 3y 6 * yZp<le
LSRRI v
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Ghi
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-
{825
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Table 4. Electric-Field Subsurface-to-Surface Prog

Dipole E
Type P
Y h
P / )( Op S
Y,p1,K, + y oF)e
(o, + iwsl)pzl\nz 11 )
VED
' h -Y
- 273 3y v2p2)e 1
imuom
21(v2 - v2)o}
0 -v,D
VMD -e Yy (3 + 3
h?
~ 7(15 + 15Y1
p
p cos ¢ 1+ + v252F)e Y0P 1 h p sin ¢
e -
2n(o, + iwe;)p3 ( YoP * YoP"F) 2n(o, + iwe)o
HED
-v,D 2 -Y,D
te 11 +yp) - !l-z—(S + 3y + 7292)]] e a4
p 1
imuom sin ¢
. - 3
iwp m cos ¢ _ —~-h 2uy,;p
: - (eIl K, + v + y2p2F)e 0PV
2my,0° 1"11™ 0 0 -y,D
] HMD Yihe
: - —1Q1
) 1 5(3 + 3y,p + 2v30% + 7303)e "
Ylp h2
‘, - 2515 + 15y
; P

*Argument of modified Bessel functions is ylp/Z.
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-to-Surface Propagation Formulas [[n%] > 10, p > 3h, D = (p? + h2)}'2] §
E¢ EZ
P Y h
0 - P s+ yge + ¥ DZF)e YoPe™
211(01 + 1mel)o
iwp m - -v.h
s Y0 =Y
, - (3 + 3vpp + y2p2)e Oe !
2 Z’T(Y - Yo)p
-v.D 0
-e 173 4 3y,p + ¥3p2)
- (15 + 15y,p + 6Y202 + y3p3)
61 sin ¢ ~YoP -Y,h
RS 2 vyl + P)]e Ve !
Zu(o + mel)p Y,P cos ¢ -YP —ylh
3 - - 7(v,p1,K, + v pF)e e
B -y 2 2n(o, + iwe,)p "1
b (1 +v;0) - =5(3 + 3y;p + ¥ip?)
] iwuom sin ¢ _ —.h
= 7—1(Y;PW + y,p(1 + F)]e ToPe ™1
5 2ny,p 0
Ylhe-YID Awpym cos ¢ 1+ F)e'YoDe-Yxh
—55—|(12 + 12y,p + 4v%p?) Tz Lt YeP ‘
Y22 1 1
N hz
2 —5(15 + 157,p + 6v30? + vp?)
. P
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Table 5. Magnetic-~-Field Subsurfgee-to-Sux

7

i .
{ Dipole H,
Type
t
1+
% VED Y zﬂnzpz(
! Y,P
m 1 ~YgP -Y;h
P ——T+370+szz)e e 71
: N
; 2my,e [(2 0 0
i
{ Y;h
] VMD -_.1_454.45 + 2]1v252 3,3 bk
: Y202 ( Y.P Iyl + 6yie® + viet)
2 -
- ll?(105 + 105y,p + 4151!%132 + 10y§p3 + Yo" e YID}
0 1
i
i -y.p ~Y,h
. psing [y.oW + y p(1 + F)]e YOpe Yy
2ny 93 1 0
1
HED
Y,h -y.D
1 Y
- — 2,2 3,3 1
szz(lz + 12y,p + Sypp” + yip)e }
1
m sin ¢ 12 | -YoP -Y;h
——*H2 + yp(l +F) - ==]e 0 '1
2mp3 0 v3p?
e~y10 [
2.2 3.3
HMD + Yi'oz (12 + 12y, p + 5y7p° + y{p°)
h2 . 2 .
- ;2-(105 +105y,p + 457192 + 10y§p3 + ‘yl{p“’)
*Argument of modified Bessel functions is y,p/2.
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?Q-Surface Propagation Fermulas [|nZ] > 10, p > 3a, D = (p2 + n2)1/2j»
H
¢ H,
Yo -Y,h
i+ yFe ToPe™y o
- n - (9 + Q‘Y p + 4Y202 + v3p3)e-YopP"Y1h
-y D
0 -e 1} 4+ 9y.p + 4Y%92 + on:")
h2
- 0—2(90 + 90y p + 397_§92 + 9Yfp3 + thpu)
sin ~YgP _-1;h
2,2 0 1
“Y,p -Y. h 2n(yZ - w253+ 3vpe + yie2)e Ve
(LK)« voo + ¥202F)e O ¢ '1 (¥f - ¥§)e ,
4 -y,D
i D -e 13+ 3y,0 + v302)
E‘B‘Z(S + 3‘Ylp + Ypr)e 1 o2
2 - = 2
% . 02(15 + ISYlp + ylpz + Y:l‘303)
COS 3\ - - Y,0 - -~.h
jcos o1y . 2,25 _ YoP ~Y;h . .B 1 2,2)e Y0P, V1
zﬂps ( Yof + YgP F szz)e e 'l wapq P T + Syop + yop e e
-Y[D
(3 + 3y,p + v2%2) Y,he
! 1 ghrun (CREENI 18v2p2 + 3y3p3)
. 1
715 + ISY p + 67292 + Y3p3 h2
. 1 1 1) - ;—2'(105 + 105v,¢ + 457%92 + 107§p3 + v
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i Table 6. Electric-Field Surface-to-Subsurf
i
i . Dipole E
T A Type P
sf
U
% Y\? ~YoP ~Y,2
. VED —(y,21.K, + y,pF)e 0¢ "1
g 2n(o, 4 iwel)92\ 171 0
;
i
!
{
!
! iwuom
- 2 . o2
2r(vy - v§
i VMD 0 -v.R
: e N (3 +
) 2
- Z 15 + 15§
02

cos . PV YR
PS8 1+ yyo + v20%F)e Ve !
25(01 + iuwe,Jp
i HED
-v,R ,2 . -y;R
R (¢ Y,P) - 33{3 + 3y;p + Y42) - (1 +
: Y
i
3
!
' iwu,m cos ¢ ¥
0 “YpP Y42
- —— pI. K. + y.p + Y2p2F)e 0 ¢ "1 -
2y ;03 kvl 1%y ¥ vge + v50°F)

Yy2 -Y;R
;%—0‘2-(3 + 3y + yip2)e !

*Argument of modified Bessel functions is ylplz.
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z 252 4 3,3
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p sin ¢

-

%

L 'YOO -le
21 (o, + iwe,)p? ¢
STy /P

2+ v +F)]e

R 22
(A +71p) - 550 + 3vp0 + ¥ieD)

Y
1 i -
- pcos ¢ ( (vpo1 L, < 7280

25(0, + iwel)oz \nz

-Y P
- —25{3 + 3y.p + 7‘;-92)3 !
P 1
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Table 7.

Magnetic-Field Surface-to-Subsurfad

Dipole H
Type P
VED 0 L1
2wz( + YoPF
Y, P 12
- T+3yp+y2pzeyoe
2wy, 0 |\ 2
12 2 3,3
VMD - (45 +. 45y p + 18y%p2 + 3y3p3)
Y%DZ 1 1 1
z2 2,2 3.3 4 ghy| e TIR
- =5(105 + 105y,p + 45yjp® + 10vijp® + vy )fe
o]
© b osi “YP -Y,2
- %Y——p—i[h oW + yp(1 + F)le e 1
cos
1
Y 28 i
HED - (12 + 12Ylp +-4Y§02)
szz(S + 3y
2 1 .
- fz-us + 1570 + 61%02 + Y?Da)
i - -Y,2
m sn;g 2+ Yoo(l +F) - ;22 e Yove Y3 m cos 9
2mp vie ~2mp3
e“Y R 1R
HMD + (12 + 12v,p + 5y3p2 + vp?) + S5+
- 3-2-(105 + 105y,p + 45y2p2 + 10y3p3 + ylpt z?
*Argument of modifi~d Bessel functions is Y,0/2.
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-Subsurface Propagation Formulas [|n2| > 10, p > 3z, R = (02 + 22)1/2]* i
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z.

3

H, :

;‘f

0 g

:

i

3

3

i

z “YP -Y,2

- (9 + 9v.0 + 4Y202 + ‘Yaps)e 00 '1 §

2n(y? - v2)e5 J 0 0

)'i{

-y.R i

-e-1 }(9+ ngp + 4Y§.pz + Y?Os) ?

i

}‘2‘(901'90 + 39v252 3,3 L4 ;1

T o2 Y,P Y302 + 9v3p3 + y}o') {

%-

3

sin Y, F -Y,2 d

(3+3yp +y2p2)e Ve 1 :

"e'Y1z 21:(-1% - Yg)pu 0 0 j

-Y R 5

- € 1 (3+3Y0+Y2p2) ‘;

1 1 ]

2215 2,2 4 v3a3
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E___l 5

: ' Y,0 —~ oo -y 2 ?

“ToPe” I 1 Y,P -Y ’
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3 3 0 0 2.2 21v.p 2 :

2wp [( Y1P Y g

. - g

3 2,2 vyze '} L ﬁ

3+ + . _nh . :

( Y, *+ YIP ) Y%Dz 45 + 45Y1p + Zlylp + 6ylp + e ) :

15 + 15 +622+ 33) 7‘2 - T s - %
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Table 8.

Electric-Field Surface-to-Surface Propagat;]

s )jj

Dipole

E
Type Ep ¢
VP -YoP
VED ( 0 0
2n(a; + imsl)pZ‘Y1911K1 + ygeF)e
iwuom
=- 7 v2yoh k; + Syge +
VMD 0 2r(v] - vple
- (3 + 3,0 + v2o2)e V]
P COS ¢ [1 . 2,2F ~YoP. p_sin ¢ [;2 +y.po(l +F
2n(o, + iue,)p] (I +vgp + Ygp7Fe 2n(o, + iwe )p 0
HED
- -Y1P
imuom cos ¢ 22
D T T 2my.03 (v, Ky + vpp + v5<F) iwpgm sin ¢
1 - ————5—1Lv;pW + vgo(1 + F]
~Y P 2myyp
‘X e Yo

*Argument of modified Bessel functions is ylp/Z.
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o}

0 \
A
- (3+ 3y + Y%pz)e-ylp]
i -Y,P
. P sin ¢ 31[2 + YL + F)]e O
n(o, + iwe,)p iwugp cos ¢ -YqP
- —--——--———-é———(ylplll(1 + yopF)e
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Table 9. Magnetic-Field Surface-:

Dipole H
Type a
‘ VED 0 E}Pp—z(l + Y,4PF)

p -
VMD {27+ 3y 0+ 20 e 10
21rylp" 2 0

p_sin ¢ oW + “YoP p_cos ¢
- p(1 + F)le I.X
n sin ¢ 12 | "Y,P m cos ¢
2+ ype(l +F) - e 0 aliarass | Gl
2mp3 0 v3p? 2mp
HMD '
'Ylp
+ (12 + 12ylp » Syzm2 + ylp3) 3 + (3 + 3y;0 ¢
2
1

*Argument of modified Bessel functions is ylp/Z.
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Table 10. Range Where flp,z + h) £f(p,0)
Field-Strength Components
HED and HMD VED VMD ! |(Y1°)(E?%%T¥)\
Ep, Ez, Hp Ey, Hy -- 3 >12
Ey» Hp -- -- 6 >24
-- E, -- 9 >36
Hz -- E¢, Hp 15 >60
- -- H, 25
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Appendix
DIRECT AND MODIFIED MIRROR-IMAGE CONTRIBUTION TO EACH DIPOLE
FIELD-STRENGTH COMPONENT (|nZ| >> 1)
1R
e . RCOS ¢ [(3 cos? § - 1)(1 + Y,R)) - Y2RZ sin? npo]e .
4n(o, + iuwe,) Ry
(A-1)
e—YlR
2yein2
[(3 + 3y,R, + y2R%)sin \bl] |
. _YIRO
HE p_sin ¢ 2p21 &
E,~ ~ 1+ vy, R+ ySRE)——5—
4m(o, + iwe,) [( Y1Ry * iRy) R3
(A-2)
..‘Y R
- (1 - 2 sin? y)(3 + 37R, + YIRZ) :
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o 'YlRo
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4n(o, + iue,) 0 0 0 Rg
(A-3)
'YIR
2 [
+ (3 + 3y R1 + YlR }sin y,cos w Ri s
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P i -YIRO “Y1R1
! -Y4R

2 cos y e 1%

3 + 3y,R, + y2R%) . (A-6)
2 _ .2 RY F 1M1 11
O] - 7Ry

- sin? 2p2 3R3
sin wl(ls + lSle1 + 6Y1R1 + YIRI)] R

iwp,m cos ¢ -Y;Rp -Y,R,
HM 0 . e : e
Ep - 4n 1+ Y1R0)51n ‘po 'R“z_' -1+ Y1R1)51n 11)1 —————-——-Rz
0 1
(A-7)

-v,R
2 sin y e 1%

2 2ypk
(Yl - Yo)Rl

(3 + 3Y1R1 + Y%R%) s

T sin ¢(, . e-YlRo . e'YlRl
By~ -~ o 1o+ y1R0)51n ¥y R% + (1 + YIR1)51n ¥, R%
-y,R
2 sin y,e 1M1 -
(12 + 12y R, + 4y2R?) (A-8)
v - vD)R] [ 1 1" :
- sin? y,(15 + 15v,;R, + 6v}RZ + viRD)Y
i(ﬂ].l m COs ¢ _YIRO -YlRl
HM . __ 0 e -~ . & - -9
E; po (1 + v R )cos ¥, R% (1 + v R))cos ¥, R§ , (A-9)
M _ m sin 2 e—YlRO
. msin ¢ _ 7 ein2 _v2r2 ei
Hy . Bz 3 sin wo)(l + YIRO) YlRo sin wd Rg
(5 + 3y.R 282y sin? e'Yle Ze‘Y1R1
+ + 3y + v sinc ¢ +
™ Y™ 1~ R3 2 _ v2\R5
Ry (i - YpIRy
(A-10)
2p2Y - sin? 2
x [(12 + 12y,R| + 4y2R2) - sin? ¥ cos? ¥, (105 + 105Y,R,
+ 45y2R2 + 10v3R3 + Yggg)] ,
A-2
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HM m cos ¢ e ¥ R° e 1 !
Hy = = =y |3 * iR * v2R2)2 - @+ vgR, + YRRDS
e IR
3+ sy R+ ¥3RD) (A-11)
(Y% - YO l 1 1
- sin? (15 + 15y,R, + 6Y2R + gkg)]}
HM m sin ¢ “1Ro
Hy - — (3 + 37,R, + y%R%)sin NERN i
0
-YiRy
2n2 . €
+ (3 + 3y,R + y1R1)51n ¥, cos ¥y -
1
(A-12)
-y,R
2 sin y,cos y,e Y1 \
+ k4s + 45y.R, + 18y2RZ + v . i
(Yl - Yo)Rs 1 !
- sin2 y (105 + 105y,R; + 45v{R + 10vy3R} + YIR“)]}
gVE . P (3 + 3y,R, + y2RZ)sin y cos ¥ E:IA—E
" Jn(o, + iue)) Y1% T Y1%% 0 0 "R3
(A-13)
3Ry
- (3 +3y,Ry + y%R%)sin ;08 ¥, —-};f—— ,
VE p o Y1Ro
EJE ~ - Fl - 3 sin? y,) (1 + v4Ry) + YZRZ cos? ¢ ]
: 4m(o, + iue;) 0 1o o) R}
(A-14)
AL
- Bl - 7 sin? $)(1 + viRy) + lez cos? y ] %3 s
-Y1Rp -Y1Ry
e e
HY" - f%[Fl + v Ry)COS ¥ T (1 + y,R)cos ¥, =z | (A-15)
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iwp . m -Y,R -v,R
W™ _ 0 e '170 e '1M1
Ey " T (1 + y,Rj)cos Yo R5 - (1 + y;R))cos N R%
-Y,R
2 cos ye "1 1[
- (3 + 3y,R, + y2R2) (A-16)
(v} - y2)RY R
- sin? ) (15 + 15y R, + 6y2RZ + yfng)] , .
m iR
HXM ~ Z; (3 + 3v,Ry + y%R%)sin ¥ocos ¥, ——Eg——
-v.R
, e TRy 2 sin ¥,c0s y e "1
= (3 + 3y;R; + y2R%)sin y,cos -
1™ ™ 1 Y o2 - YO)RS
(A-17)
2p2 3g3
x [(45 + 45Y;R; + 18Y2RZ + 3y3R3)
- sin? y, (105 + 105y;R, + 45y2R? + 10v3R} + y';R‘;)] ,
M n e"YlRo
O - 502 2p2 2
H, - ﬁl 3 sin wo)(l + YIRO) + YlRo cos wol Rg
~ iRy
in2 2p2 2 €
- [(1 - 3 sin wl)(l + lel) + YlRl cos le Rf
-——z—e—if—_[(g»,g R, + 4y2R2 + y3R3)
GF - YRS Yifp * ARY + iRy
.02 2p2. 4 ~3n3
+ sin® y, (15 + 15y)R, + 6YIR{ *+ Y{R})
- sin2 2 2p2 3p3 ypl
sin wlcos wlclos + 105y1R1 + 4571Rl + lOle1 + YlRlﬂ] s .
where

RS = 02 + (z - 132,
sin Yo = (z - h)/Ro,
cos WO = D/Ro:

R% = 92 + (z + h)2’

it

sin ¥, (z + h)/Rl, and

cos y, p/Rl'
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